Introduction
Inspired by the collective behavior of real ant colonies, Ant System (AS) algorithm was introduced by Marco Dorigo in 1992. The developed metaheuristic named as ant colony system (ACS) was later presented in 1997 by Dorigo and Gambardella for solving the traveling salesman problem (TSP). Up to now, the algorithm has been extensively and successfully applied on many combinatorial problems such as quadratic assignment, vehicle routing and job-shop scheduling (Dorigo & Stutzle, 2004) . In the field of structural and mechanical engineering, published papers have been rapidly emerging in the last 5 years.
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Trusses (Serra & Venini, 2006) , frames (Camp et al., 2005) , and manufacturing processes (Vijayakimar et al., 2003) are among the cases optimized using different versions of ant colony algorithms. Regarding laminated structures, the first study was done by Yang et al (2006) . They tried to find optimal orientations of carbon fibers in CFPR composites which were used to reinforce precracked concrete structures. Abachizadeh and Tahani (2007) optimized hybrid laminates for minimum cost and weight using ACS and Pareto techniques. Later, they performed multi-objective optimization of hybrid laminates for maximum fundamental frequency and minimum cost using ACS (2009). Lay-up design of laminated panels for maximization of buckling load with strength constraints was studied by Aymerich and Serra (2008) and the results demonstrated improvement over GA and TS results. A simply supported composite laminate was investigated for optimal stacking sequence under strength and buckling constraints by Bloomfield et al. (2010) . They compared the performance of GA, ACS and particle swarm optimization (PSO) methods assuming both discrete and continuous ply orientations. It was claimed that for discrete design spaces, ACS performs better but when it comes to continuous design spaces, PSO outperforms the two other techniques. For a hybrid laminated plate with mixed domain of solution including fiber angles as continuous and number of surface (or core) layers as integer discrete variables, Abachizadeh et al. (2010) showed that an extension of ACO for continuous domains called ACO R method proposed by Socha and Dorigo (2008) results in improved designs against GA and ACS. In an industrial application, Hudson et al. (2010) described the appliance of ACO algorithm to the multiple objective optimization of a rail vehicle floor sandwich panel to reduce material as well as cost. A modified ant colony algorithm with novel operators called multi-city-layer ant colony algorithm (MCLACA) is also presented by Wang et al. (2010) exhibiting more robust and efficient comparing with GA for buckling load maximization of a rectangular laminate.
Solving problems with continuous or mixed design space
While most of the heuristic methods have been initially proposed to tackle combinatorial optimization problems, many real-world engineering problems include either continuous or mixed variables. Hence, there has been a considerable amount of research to suggest new metaheuristics or adapt the existing ones. The same account for ACO, methods were proposed to handle continuous variables. Although taking inspiration from original ACO and expressing relatively acceptable results, they did not follow its original concept exactly (Abachizadeh and Kolahan, 2007) . In the original approach of ant algorithms, each ant constructs the solution incrementally using the set of available solution components defined by the problem formulation. This selection is done with help of probabilistic sampling from a discrete probability distribution. For tackling continuous problems using this method, the continuous domain should be discretized into finite ranges. This is not always an appropriate technique especially if the initial range is wide or the resolution required is high. In such cases, methods which can natively handle continuous variables usually perform better. Besides minor operators which are different in various versions of ant algorithms, there are two distinct differences about ACO R in comparison with preceding ones. The first is the shift from using a discrete probability distribution to a continuous one called Probability Distribution Function (PDF). Therefore, each ant instead of selecting from available finite sets, samples a PDF biased toward high quality solutions.
The other variation to the original ACO is the revision of the way pheromone information is stored and updated. The continuous nature of design variables prevents a tabular discrete formation and hence, an archive of solutions similar to what is constructed in Tabu search method is employed. For problems with mixed domain, two common approaches are available. The first is the discretization of continuous variables and as the problem is modified to a totally discrete one; all direct and heuristic methods are applicable with their original procedures. The other approach is relaxation of discrete variables. First, an index is assigned to any element of discrete set of variables. Henceforward, the discrete variable is treated as a continuous variable. Only before evaluation of objective functions, the obtained values for discrete variables are rounded to the nearest index number. It is remarkable that discrete variables are of different types. Integers, zero-one values, ordered standard values (e.g. cross sections of reinforcements round bars) and categorical variables (e.g. different material candidates for a structure) are the major types. Socha (2008) claims that employing relaxation method for mixed problems by ACO R when no categorical variables exist results in reasonable outcomes. However, facing categorical variables, he expects poor performance and suggests a new method exclusively developed for mixed domains called ACO MV (Socha, 2008) .
ACO R procedure
Given an n-dimensional continuous problem, an archive of dimension k is constructed. As shown in Fig. 1 At the beginning, the rows of this archive are constructed using randomly generated solutions. The solutions in the archive are always sorted according to their quality i.e., the value of the objective function; hence the position of a solution in the archive always corresponds to its rank and the best solution will be on top. At each iteration and with employing m ants, m new solutions are generated and the best k solutions among m+k solutions are kept i.e. the archive is updated with best solutions found so far. For generating new solutions, each ant chooses probabilistically one of the solutions in the archive:
where j ω is the weight associated with solution j. As proposed by Socha and Dorigo (2008) , the flexible and nonlinear Gaussian function is employed to define this weight: 
where q is a parameter of the algorithm. The ant then takes the value i j s and samples its neighborhood for a new value for variable i and repeats this procedure for all variables i=1, …, n using the same jth solution. This is done using a probability density function (PDF). There are different choices to be selected for demonstrating this distribution however Gaussian function is again chosen (Socha, 2008) : 
which is the average distance between the ith variable of the solution s j and the ith variable of the other solution in the archive multiplied by a parameter ξ . This parameter has an effect similar to the evaporation rate in original ACO i.e. with higher values of ξ , the new solutions are positioned closer to existing solutions of higher ranks.
The structure of solution archive in ACO R (Socha, 2008) 
Benchmark problems
A simply supported symmetric hybrid laminated plate with length a, width b and thickness h in the x, y and z direction, respectively, is considered. Each of the material layers is of equal thickness t and idealized as a homogeneous orthotropic material. The total thickness of the laminate is equal to hNt = × with N being the total number of the layers. In the analysis presented here, the total thickness of the laminate is kept constant which allows for comparing the performance of designs with equal thicknesses. The optimal design problem involves selection of optimal stacking sequence of hybrid laminated composite plates to obtain maximum fundamental frequency and minimum cost in a multi-objective process. The design variables engaged are the fiber orientation in each layer and the number of core (or surface) layers while the total number of plies is constant in each problem case. Three benchmark problems with different levels of complexity are optimized and the results of ACO R (Abachizadeh et al., 2010) , ACS (Abachizadeh & Tahani, 2009) , GA and SA (Kolahan et al.) are reported. It is tried to evaluate the performance of ant algorithms against GA and SA. The improvements obtained by employing continuous operators are also discussed. 
Analysis of vibration in laminates
where w is the deflection in the z direction, h is the total thickness of the laminate and ρ is the mass density averaged in the thickness direction which is given by: 
where the moment resultants are defined as:
It is shown by Nemeth (1986) 
Different mode shapes are obtained by inserting different values of m and n. For computing the fundamental frequency, both are obviously put equal to one.
Problem I
The fundamental frequency for 16-layered glass/epoxy laminates with various aspect ratios is considered to be maximized. The laminate is not hybrid so the problem is single-objective. The benchmark is chosen from Adali and Verijenco (2001) where laminates made up of 0 , 45 ± and 90 plies are optimized by direct enumeration. Here, the fiber angles are allowed to have any value in the range of [ 90 − , 90 ] . Hence, the deviation of the fundamental frequency for laminates with the mentioned restricted angles is obtained from the optimal design. Results achieved using ACS is also presented.
Problem II
The fundamental frequency for 8-layered graphite/epoxy laminates with various aspect ratios is considered to be maximized. The fiber angles are considered continuous in the range of [ 90 − , 90 ] and the results are compared with a solution where the discrete angles have been selected within the same range with 15-degree increments. Although this problem can be considered an independent benchmark, it has been selected so as to be used in the main multi-objective problem.
Problem III
The fundamental frequencies and material costs of 8-, 16-and 28-layered hybrid laminates with various aspect ratios is considered to be optimized. The fiber angles are continuous as in problems I and II. The results are compared with a solution where discretized fiber angles, the same as problem II, have been employed. The main objective of this reinvestigation is to find the global solution of the problem considering continuous variables in order to verify whether using standard restricted fiber angles is an acceptable approach. In problems I and II where single-objective optimization is put into operation, the procedure is straightforward. The only point to consider is the penalty added to the solution candidates which violate the constraints in Eq. (11). Obviously, it should be big enough to remove any chance of being selected.
Problem III deals with multi-objective optimization which calls for its own methods. As the objectives in this study are of different dimensions and their relative importance is casedependent, the Min-Max method is preferred. In this method, the objective functions are normalized and then the deviation from their single-objective optimums is minimized. The two objective functions engaged here are numbered as 1 for frequency and 2 for material cost. Satisfaction of constraints is imposed by penalty functions just like the first two problems. The general form of the total objective function subjected to minimization is given by:
In Eqs. (15a,15b), ω and cost are the optimization outcomes. The parameter ω max denotes the maximum fundamental frequency and cost max is the cost both obtained by considering all layers being made up of graphite/epoxy. The numerical values of ω max are in fact the results of problem II which can be used for the corresponding aspect ratios in problem III. In (16 a -16c), g 1 and g 2 are the penalty terms explained earlier. The other parameters, k 1 , k 2 , c 1 and c 2 are sensitivity coefficients which are all set to one. The material cost can be easily calculated as:
where o ρ and i ρ are the mass densities of the outer and inner layers, respectively. Instead of real material prices, o α is employed as a cost factor expressing the cost ratio of surface against core material.
Numerical results
The three problems defined in the previous section have been optimized using a code written in Matlab ® . The laminates geometrical dimensions are 0.002 m h = and 0.25 m b = . As stated earlier, the total thickness h is considered constant for different number of layers while ply thickness may vary. This is a little far from being practical but necessary for comparing the performance of equal-thickness designs.
In all the three problems, designs with different aspect ratios defined as a/b are investigated varying from 0.2 to 2 with a 0.2 increment. The properties of materials taken from Tsai and Hahn (1980) 
are as follows:
Graphite/Epoxy (T300/5208): E 1 =181 GPa, E 2 =10.3 GPa, G 12 =7.71 GPa, υ 12 =0.28, ρ=1600 kgm -3
Glass/Epoxy (Scotchply1002): E 1 =38.6 GPa, E 2 =8.27 GPa, G 12 =4.14 GPa, υ 12 =0.26, ρ=1800 kgm -3 Although the mechanical properties particularly stiffness to weight ratio are considerably higher in graphite/epoxy layers with respect to glass/epoxy ones, they are about 8 times more expensive; this way α = 0 8 is assigned. There are several parameters in ACO R which should be tuned to maximize the efficiency of the algorithm. Here, k=50 is used as proposed by Socha (2008) . The other parameters are set based on some trials for these problems: Table 1 presents the results obtained by solving problem I using ACS, ACO R and direct enumeration. Clearly, considering continuous fiber angles, stacking sequences with higher fundamental frequencies are achieved using ACO R . For aspect ratios of 0.6, 0.8, 1.2, 1.4 and 1.6, angles other than standard angles of 0 , 45 ± and 90 are needed to construct the optimum laminate. However, the greatest difference in frequency (belonging to aspect ratio of 1.4) is equal to 15 rad/s ≡ 2.6%, which is flawlessly negligible and therefore justifies using configurations exclusively made up of either 0 , 45 ± or 90 plies. Table 2 with a similar pattern shows that ACO R has been again successful in improving designs obtained by ACS. From practical point of view, the maximum deviation belonging to aspect ratio of 0.8 is about 19 rad/s ≡ 1%, which is yet again negligible. Tables 3-5 show the best results found by ACO R for 8-, 16-and 28-layered laminates. In addition, the related results obtained by ACS, GA and SA are reported. Since Tahani et al. (2005) and Kolahan et al. (2005) have reported nearly identical solutions for GA and SA; the results are presented as only one alternative against ACS and ACO R . Considering the values of objective functions, it is clear that ACO R has outperformed both ACS and GA (as well as SA) or in any case equalized in performance. It could be estimated from the results of Table  2 that for aspect ratios in which ACO R h a v e b e e n a b l e t o f i n d d e s i g n s w i t h h i g h e r fundamental frequencies, improvements in the multi-objective problem can be anticipated. This is further verified observing that all three involved methods could find the optimal number of glass and graphite plies i.e. the cost part of the objective function, nearly for all laminates designs. Regarding the similarity of fiber angles in Tables 3-5 obtained by ACO R and in singleobjective versions of problem reported in Tables 1-2, we can conservatively claim that ACO R has found global optima for all aspect ratios. The significance is furthermore highlighted if it is reminded that the problem has been tackled considering continuous domain for design variables which is naturally of higher complexity in comparison to the combinatorial problem of constructing laminates from finite available fiber angles. In analogous to the results of problems I and II, similar deductions can be presented about the reliability of the approach of utilizing standard fiber angles. The optimum designs obtained by ACO R do not demonstrate being more than 3% better than the corresponding designs obtained using discretized fiber angles. Finally, It is noteworthy to mention that for designs with N=28 in problem III which are the most complex problem cases in this paper, the results of ACS and ACO R are considerably better than GA and SA in most cases which can indicate the efficiency and robustness of ant 
Conclusion
The results reported here and in many other papers confidently suggest ant colony optimization as a robust and efficient method compared with other known techniques such as genetic algorithm and simulated annealing. Specifically, design and optimization of laminated structures is a field where ant algorithms are expected to outperform other methods. It is also shown here that ACO R can successfully formulate problems with mixed domains and yield improvements against discretization process. Moreover, it is concluded that using the standard fiber angles which is a practical advantage in laminates production makes negligible variation of optimal designs with respect to the global optima.
